Abstract. The object of considerations are axially functionally graded (FG) beams, which are loaded by an axial force varying along the length of the beam. The main idea presented here is to approximate FG beams by an equivalent beam with piecewise exponentially varying material properties, geometrical properties and axial load. Numerical solutions of the buckling analysis are obtained for four various types of boundary conditions associated with pinned and clamped ends. The usefulness of the proposed method is confirmed by comparing numerical results with those available for graded beams of special polynomial non-homogeneity.
Introduction
Functionally graded materials represent a class of composites that have a gradually varying of material and/or geometrical properties in the specified direction. A review of researches on functionally graded materials can be found in Suresh and Mortensen [1] . In the present contribution the object of investigations are functionally graded (FG) beams. The gradient variation in FG beams may be oriented along the cross-section and/or axial direction.
A list of papers on buckling behaviour of FG beams with thickness-wise gradient variation is very extensive. For example, in paper [2] by Vo et al. the finite element model for vibration and buckling of functionally graded sandwich beams, based on a refined shear deformation theory, is presented. Li and Batra [3] derived analytical relations between the critical buckling load of a functionally graded Timoshenko beam and that of the corresponding homogeneous Euler-Bernoulli beam subjected to axial compressive load. Free vibrations, buckling and post-buckling of functionally graded beams containing open cracks, by assuming an exponential variation of material properties in the thickness direction, were studied by Yang and Chen [4] .
For axially graded beams, stability problems are becoming more complicated because of the governing equation with variable coefficients. For example, Singh and Li [5] investigated the stability of axially functionally graded tapered beams through discretising a non-uniform column into a stepped multi-uniform column and solving a transcendental equation to compute the critical buckling load. Free vibrations and stability of axially functionally graded tapered Euler-Bernoulli beams were studied by Shahba and Rajasekaran [6] by using the differential transform element method. The finite element approach to the free vibration and stability analysis of axially functionally graded tapered Timoshenko beams was applied by Shahba et al. [7] . A new approach to exactly calculate the critical buckling loads of beams with arbitrarily axial inhomogeneity was presented by Huang and Luo in [8] .
In this paper the stability analysis of axially graded beams with a distributed axial load is made. Considerations are carried out in the framework of the Euler--Bernoulli beam theory. It is assumed that the changes of material properties as well as the axial load are approximated by an exponential form. The obtained solutions of the buckling analysis for clamped-clamped, pinned-pinned, clamped-pinned and pinned-clamped beams are applied for numerical computations. Critical buckling loads are determined from the existence condition of a non-trivial solution in the system of algebraic equations obtained here. The proposed approach is based on these presented by Kukla and Rychlewska in [9] and Rychlewska in [10] .
Formulation of the problem
In this paper an axially graded and non-uniform beam of length L (along the x direction) is considered. According to the Euler-Bernoulli beam theory, the governing differential equation for free transverse displacement ( ) x w of axially FG beams loaded by an axial force ( )
where ( )
is the moment of inertia and ( )
, we rewrite equation (1) in the following form
where we still denote ( )
and ( ) ξ w , respectively. Next, we assume that ,..., 1 ,
where
Hence, we obtain
and introducing denotations
the governing equation for the i-th segment of the beam can be written in the form , 0
After some transformations equations (9) can be rewritten as 
Equations (10) are completed by boundary and continuity conditions. The continuity conditions have the form ( ) ( 
In this contribution we consider the following four types of boundary conditions (BC): 
A solution to the problem
In this section a solution of the buckling problem (10)-(11) + BC is discussed. Under assumption that:
, the general solution of equations (10) has the following form 
. Substituting functions (16) into one of the set of boundary conditions (12)-(15) and continuity conditions (11), we obtain a homogeneous system of 4n linear equations with respect to the unknowns
This system of equations can be written in the matrix form
where 
, are determined by the continuity conditions at
. For the existence of a non-trivial solution to the buckling load problem, it is necessary that the determinant of the matrix A has to be equal to zero
In the subsequent section equation (18) is solved numerically with respect to dimensionless critical buckling load λ , using an approximate method.
Numerical computations
In this section some numerical results are presented. The numerical computations were carried out for an FG beam with n segments of the same length. Non-dimensional critical buckling loads for an FG beam with functions ( ) ( ) Table 1 in comparison with those presented in [8] by Huang and Luo. It can be seen that the present results are in good agreement with these given in the paper [8] . Table 1 Non-dimensional critical buckling loads of a beam with ( ) ( ) Next, we take into account functions ( ) ( )
. The effects of parameters γ , η on the non-dimensional critical buckling load for different boundary conditions are presented in Table 2 . The computations have been provided assuming numbers of beam segments: 5 = n ; 10 = n ; 20 = n . Table 2 Non-dimensional critical buckling loads of a beam for different boundary conditions,
C-C The non-dimensional critical buckling loads for functions ( ) ( ) From Figure 1 , it is seen that the obtained results for 0 → γ agree well with these presented above. 
Conclusions
In this paper a new method, which is capable of computing the buckling loads of functionally graded beams in the axial direction subjected to a distributed axial load, is presented. The beams under consideration are approximated by another beam with piecewise exponentially varying both geometrical/material properties and axial load. The proposed method has been verified with the previous results and has found good agreement with them. Numerical results are presented in both tabular and graphical forms to show the influence of different material distribution, load distribution and boundary conditions on the critical buckling loads of FG beams. The effect of these parameters on the buckling behaviour is significant.
